Introduction {#Sec1}
============

Throughout the past years, numerous image restoration tasks in computer vision such as denoising \[[@CR38]\] or super-resolution \[[@CR39]\] have benefited from a variety of pioneering and novel variational methods. In general, variational methods \[[@CR9]\] are aiming at the minimization of an energy functional designed for a specific image reconstruction problem, where the energy minimizer defines the restored output image. For the considered image restoration tasks, the observed corrupted image is generated by a degradation process of the corresponding ground truth image, which is the real uncorrupted image.

In this paper, the energy functional is composed of an a priori known, task-dependent, and quadratic data fidelity term and a Field-of-Experts-type regularizer \[[@CR36]\], whose building blocks are learned kernels and learned activation functions. This regularizer generalizes the prominent total variation regularization functional and is capable of accounting for higher-order image statistics. A classical approach to minimize the energy functional is a *continuous-time gradient flow*, which defines a trajectory emanating from a fixed initial image. Typically, the regularizer is adapted such that the end point image of the trajectory lies in a proximity of the corresponding ground truth image. However, even the general class of Field-of-Experts-type regularizers is not able to capture the entity of the complex structure of natural images, that is why the end point image may substantially differ from the ground truth image. To address this insufficient modeling, we advocate an *optimal control problem* using the gradient flow differential equation as the state equation and a cost functional that quantifies the distance of the ground truth image and the gradient flow trajectory evaluated at the stopping time *T*. Besides the parameters of the regularizer, the stopping time is an additional control parameter learned from data.

The main contribution of this paper is the derivation of criteria to automatize the calculation of the *optimal stopping time T* for the aforementioned optimal control problem. In particular, we observe in the numerical experiments that the learned stopping time is always finite even if the learning algorithm has the freedom to choose a larger stopping time.

For the numerical optimization, we discretize the state equation by means of the explicit Euler and Heun schemes. This results in an iterative scheme which can be interpreted as static *variational networks* \[[@CR11], [@CR19], [@CR24]\] as a subclass of deep learning models \[[@CR26]\]. Here, the prefix "static" refers to constant regularizers with respect to time. In several experiments we demonstrate the superiority of the learned static variational networks for image restoration tasks terminated at the optimal stopping time over classical variational methods. Consequently, the early stopped gradient flow approach is better suited for image restoration problems and computationally more efficient than the classical variational approach.

A well-known major drawback of mainstream deep learning approaches is the lack of interpretability of the learned networks. In contrast, following \[[@CR16]\], the variational structure of the proposed model allows us to analyze the learned regularizers by means of a nonlinear spectral analysis. The computed eigenpairs reveal insightful properties of the learned regularizers.

There have been several approaches to cast deep learning models as dynamical systems in the literature, in which the model parameters can be seen as control parameters of an optimal control problem. E \[[@CR12]\] clarified that deep neural networks such as residual networks \[[@CR21]\] arise from a discretization of a suitable dynamical system. In this context, the training process can be interpreted as the computation of the controls in the corresponding optimal control problem. In \[[@CR27], [@CR28]\], Pontryagin's maximum principle is exploited to derive necessary optimality conditions for the optimal control problem in continuous time, which results in a rigorous discrete-time optimization. Certain classes of deep learning networks are examined as mean-field optimal control problems in \[[@CR13]\], where optimality conditions of the Hamilton--Jacobi--Bellman type and the Pontryagin type are derived. The effect of several discretization schemes for classification tasks has been studied under the viewpoint of stability in \[[@CR4], [@CR7], [@CR17]\], which leads to a variety of different network architectures that are empirically proven to be more stable.

The benefit of early stopping for iterative algorithms is examined in the literature from several perspectives. In the context of ill-posed inverse problems, early stopping of iterative algorithms is frequently considered and analyzed as a regularization technique. There is a variety of literature on the topic, and we therefore only mention the selected monographs \[[@CR14], [@CR23], [@CR34], [@CR41]\]. Frequently, early stopping rules for inverse problems are discussed in the context of the Landweber iteration \[[@CR25]\] or its continuous analogue commonly referred to as Showalter's method \[[@CR44]\] and are based on criteria such as the discrepancy or the balancing principle.

In what follows, we provide an overview of recent advances related to early stopping. Raskutti et al. \[[@CR37]\] exploit early stopping for nonparametric regression problems in reproducing kernel Hilbert spaces (RKHS) to prevent overfitting and derive a data-dependent stopping rule. Yao et al. \[[@CR42]\] discuss early stopping criteria for gradient descent algorithms for RKHS and relate these results to the Landweber iteration. Quantitative properties of the early stopping condition for the Landweber iteration are presented in Binder et al. \[[@CR5]\]. Zhang and Yu \[[@CR45]\] prove convergence and consistency results for early stopping in the context of boosting. Prechelt \[[@CR33]\] introduces several heuristic criteria for optimal early stopping based on the performance of the training and validation error. Rosasco and Villa \[[@CR35]\] investigate early stopping in the context of incremental iterative regularization and prove sample bounds in a stochastic environment. Matet et al. \[[@CR30]\] exploit an early stopping method to regularize (strongly) convex functionals. In contrast to these approaches, we propose early stopping on the basis of finding a local minimum with respect to the time horizon of a properly defined energy.
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This paper is organized as follows: In Sect. [2](#Sec2){ref-type="sec"}, we argue that certain classes of image restoration problems can be perceived as optimal control problems, in which the state equation coincides with the evolution equation of static variational networks, and we prove the existence of solutions under quite general assumptions. Moreover, we derive a first order necessary as well as a second-order sufficient condition for the optimal stopping time in this optimal control problem. A Runge--Kutta time discretization of the state equation results in the update scheme for static variational network, which is discussed in detail in Sect. [3](#Sec3){ref-type="sec"}. In addition, we visualize the effect of the optimality conditions in a simple numerical example in $\documentclass[12pt]{minimal}
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Optimal Control Approach to Early Stopping {#Sec2}
==========================================

In this section, we derive a time continuous analog of static variational networks as gradient flows of an energy functional $\documentclass[12pt]{minimal}
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The particular choice of the cost functional originates from the observation that a visually appealing image restoration is obtained as the closest point on the trajectory of the flow $\documentclass[12pt]{minimal}
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The constraint of the stopping time is solely required for the existence theory. For the image restoration problems, a finite stopping time can always be observed without constraints. Hence, the optimal control problem reads as$$\documentclass[12pt]{minimal}
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Remark 1 {#FPar1}
--------

The long-term dynamics of the nonlinear autonomous state equation ([11](#Equ11){ref-type=""}) is determined by the set of fixed points $\documentclass[12pt]{minimal}
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In the next theorem, we apply the direct method in the calculus of variations to prove the existence of minimizers for the optimal control problem.

Theorem 1 {#FPar2}
---------
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Proof {#FPar3}
-----
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In the next theorem, a first-order necessary condition for the optimal stopping time is derived.

Theorem 2 {#FPar4}
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Proof {#FPar5}
-----
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The preceding theorem can easily be adapted for fixed kernels and activation functions leading to a reduced optimization problem with respect to the stopping time only:

Corollary 1 {#FPar6}
-----------

(First-order necessary condition for subproblem) Let $\documentclass[12pt]{minimal}
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Remark 2 {#FPar7}
--------
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We conclude this section with a second-order sufficient condition for the partial optimization problem ([23](#Equ23){ref-type=""}):
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Proof {#FPar9}
-----
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Remark 3 {#FPar10}
--------
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Time Discretization {#Sec3}
===================

The optimal control problem with state equation originating from the gradient flow for the energy functional $\documentclass[12pt]{minimal}
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In all cases, we have to choose the step size $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda _i$$\end{document}$ denotes the *ith* eigenvalue of the Jacobian of either *f* or *g*. Note that this condition already implies the stability of Heun's method. Thus, in the numerical experiments, we need to ensure a constant ratio of the stopping time *T* and the depth *S* to satisfy ([31](#Equ31){ref-type=""}).
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In this subsection, we apply the first- and second-order criteria for the partial optimal control problem (see Corollary [1](#FPar6){ref-type="sec"}) to the simple, yet illuminative example in $\documentclass[12pt]{minimal}
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                \begin{document}$$x_g$$\end{document}$ and end point of optimal trajectory (red points). Right: function plots of the energy (red plot) and the first-order condition (blue plot) (Color figure online)

Alternative Derivations of Variational Networks {#Sec5}
-----------------------------------------------

We conclude this section with a brief review of alternative derivations of the defining equation ([27](#Equ27){ref-type=""}) for variational networks. Inspired by the classical nonlinear anisotropic diffusion model by Perona and Malik \[[@CR31]\], Chen and Pock \[[@CR11]\] derive variational networks as discretized nonlinear reaction diffusion models of the form $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {D}}$$\end{document}$ represent the reaction and diffusion terms, respectively, that coincide with the first and second expression in ([11](#Equ11){ref-type=""}). By exploiting proximal mappings, this scheme can also be used for non-differentiable data terms $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathcal {D}}$$\end{document}$. In the same spirit, Kobler et al. \[[@CR24]\] related variational networks to incremental proximal and incremental gradient methods. Following \[[@CR19]\], variational networks result from a Landweber iteration \[[@CR25]\] of the energy functional ([2](#Equ2){ref-type=""}) using the Field-of-Experts regularizer. Structural similarities of variational networks and residual neural networks \[[@CR21]\] are analyzed in \[[@CR24]\]. In particular, residual neural networks (and thus also variational networks) are known to be less prone to the degradation problem, which is characterized by a simultaneous increase of the training/test error and the model complexity. Note that in most of these approaches time varying kernels and activation functions are examined. In most of the aforementioned papers, the benefit of early stopping has been observed.

Numerical Results for Image Restoration {#Sec6}
=======================================

We examine the advantageousness of early stopping for image denoising and image deblurring using static variational networks in this section. In particular, we show that the first-order optimality condition results in the optimal stopping time. We do not verify the second-order sufficient condition discussed in Theorem [3](#FPar8){ref-type="sec"} since in all experiments the first-order condition indicates an energy minimizing solution and thus this verification is not required.

Image Reconstruction Problems {#Sec7}
-----------------------------

In the case of *image denoising*, we perturb a ground truth image $\documentclass[12pt]{minimal}
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For *image deblurring*, we consider an input image $\documentclass[12pt]{minimal}
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Numerical Optimization {#Sec8}
----------------------

For all image reconstruction tasks, we use the BSDS 500 data set \[[@CR29]\] with grayscale images in $\documentclass[12pt]{minimal}
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                \begin{document}$$[0,1]^{341\times 421}$$\end{document}$. We train all models on 200 train and 200 test images from the BSDS 500 data set and evaluate the performance on 68 validation images as specified by \[[@CR36]\].

In all experiments, the activation functions ([5](#Equ5){ref-type=""}) are parametrized using $\documentclass[12pt]{minimal}
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For a given training set consisting of pairs of corrupted images $\documentclass[12pt]{minimal}
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For an optimization parameter *q* representing either *T*, $\documentclass[12pt]{minimal}
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Results {#Sec9}
-------

In the first numerical experiment, we train models for denoising and deblurring with $\documentclass[12pt]{minimal}
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We next demonstrate the applicability of the first-order condition for the energy minimization in static variational networks using Euler's discretization scheme with $\documentclass[12pt]{minimal}
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Figure [8](#Fig8){ref-type="fig"} depicts two input images $\documentclass[12pt]{minimal}
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                \begin{document}$${\overline{T}}$$\end{document}$ indicates the energy minimizing time, where both the average curves for the training and test sets nearly coincide, which proves that the model generalizes to unseen test images. Although the gradient of the average energy curve ([33](#Equ33){ref-type=""}) is rather flat near the learned optimal stopping time, the proper choice of $\documentclass[12pt]{minimal}
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Figure [10](#Fig10){ref-type="fig"} illustrates the plots of the energies (blue plots) and the first-order conditions (red plots) as a function of the stopping time *T* for all test images for denoising (left) and deblurring (right), which are degraded by noise levels $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau =1.5$$\end{document}$.Fig. 11Corrupted input image (first/third row, left), restored images using the FISTA/IRcgls algorithm (first/third row, right), and the proposed method (second/fourth row, left) as well as the ground truth image (second/fourth row, right) for denoising (upper quadruple) and deblurring (lower quadruple). The zoom factor of the magnifying lens is 3

In Table [1](#Tab1){ref-type="table"}, the resulting PSNR values of the first and second row are almost identical for image denoising despite varying optimal stopping times. Consequently, a model that was pretrained for a specific noise level can be easily adapted to noise levels by only modifying the optimal stopping time. Neglecting the optimization of the stopping time leads to inferior results as presented in the third rows, where the reference model was used for all degradation levels without any change. However, in the case of image deblurring, the model benefits from a full optimization of all controls, which is caused by the dependency of *A* on the blur strength. For the noise level 0.1 we observe the average PSNR value 28.72 which is on par with the corresponding results of \[[@CR10], Table II\]. We emphasize that in their work a costly full minimization of an energy functional is performed, whereas we solely require a depth $\documentclass[12pt]{minimal}
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For the sake of completeness, we present in Fig. [12](#Fig12){ref-type="fig"} (denoising) and Fig. [13](#Fig13){ref-type="fig"} (deblurring) the resulting triplets of kernels (top), potential functions (middle) and activation functions (bottom) for a depth $\documentclass[12pt]{minimal}
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                \begin{document}$$S=20$$\end{document}$. The scaling of the axes is identical among all potential functions and activation functions, respectively. Note that the potential functions are computed by numerical integration of the learned activation functions and we choose the integration constant such that every potential function is bounded from below by 0. As a result, we observe a large variety of different kernel structures, including bipolar forward operators in different orientations (e.g., 5*th* kernel in first row, 8*th* kernel in third row) or pattern kernels representing prototypic image textures (e.g. kernels in first column). Likewise, the learned potential functions can be assigned to several representative classes of common regularization functions like, for instance, truncated total variation (8*th* function in second row of Fig. [12](#Fig12){ref-type="fig"}), truncated concave (4*th* function in third row of Fig. [12](#Fig12){ref-type="fig"}), double-well potential (10*th* function in first row of Fig. [12](#Fig12){ref-type="fig"}) or "negative Mexican hat" (8*th* function in third row of Fig. [12](#Fig12){ref-type="fig"}). Note that the associated kernels in both tasks nearly coincide, whereas the potential and activation functions significantly differ. We observe that the activation functions in the case of denoising have a tendency to generate higher amplitudes compared to deblurring, which results in a higher relative balancing of the regularizer in the case of denoising.Fig. 12Triplets of $\documentclass[12pt]{minimal}
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Spectral Analysis of the Learned Regularizers {#Sec10}
---------------------------------------------

Finally, in order to gain intuition of the learned regularizer, we perform a nonlinear eigenvalue analysis \[[@CR16]\] for the gradient of the Field-of-Experts regularizer learned for $\documentclass[12pt]{minimal}
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Figure [14](#Fig14){ref-type="fig"} depicts the resulting pairs of eigenfunctions and eigenvalues for image denoising. We observe that eigenfunctions corresponding to smaller eigenvalues represent in general more complex and smoother image structures. In particular, the first eigenfunctions can be interpreted as cartoon-like image structures with clearly separable interfaces. Most of the eigenfunctions associated with larger eigenvalues exhibit texture-like patterns with a progressive frequency. Finally, wave and noise structures are present in the eigenfunctions with the highest eigenvalues.

We remark that all eigenvalues are in the interval $\documentclass[12pt]{minimal}
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                \begin{document}$$(1-\frac{\lambda _j T}{S})$$\end{document}$ in ([34](#Equ34){ref-type=""}) are in the interval \[0.368, 0.999\], which shows that the regularizer has a tendency to decrease the contrast. Formula ([34](#Equ34){ref-type=""}) also reveals that eigenfunctions corresponding to contrast factors close to 1 are preserved over several iterations. In summary, the learned regularizer has a tendency to reduce the contrast of high-frequency noise patterns, but preserves the contrast of texture- and structure-like patterns.

Figure [15](#Fig15){ref-type="fig"} shows the eigenpairs for the deblurring task. All eigenvalues are relatively small and distributed around 0, which means that the corresponding contrast factors lie in the interval \[0.992, 1.030\]. Therefore, the learned regularizer can both decrease and increase the contrast. Moreover, most eigenfunctions are composed of smooth structures with a distinct overshooting behavior in the proximity of image boundaries. This implies that the learned regularizer has a tendency to perform image sharpening.

Conclusion {#Sec11}
==========

Starting from a parametric and autonomous gradient flow perspective of variational methods, we explicitly modeled the stopping time as a control parameter in an optimal control problem. By using a Lagrangian approach, we derived a first-order condition suited to automatize the calculation of the energy minimizing optimal stopping time. A forward Euler discretization of the gradient flow led to static variational networks. Numerical experiments confirmed that a proper choice of the stopping time is of vital importance for the image restoration tasks in terms of the PSNR value. We performed a nonlinear eigenvalue analysis of the gradient of the learned Field-of-Experts regularizer, which revealed interesting properties of the local regularization behavior. A comprehensive long-term spectral analysis in continuous time is left for future research.

A further future research direction would be the extension to dynamic variational networks, in which the kernels and activation functions evolve in time. However, a major issue related to this extension emerges from the continuation of the stopping time beyond its optimal point.
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